Discontinuities

A real-valued function f of one real variable has discontinuity at xzq iff

e 1z is the cluster point of Dy and xg ¢ Dy (we can try to calculate the limit of f at zg but f is
not defined at z)

or

e f is discontinuous at xg, i.e. xg € Dy but the limit of f at zg does not exist or is different than

f (o).

Exercise 1. Discuss discontinuities of function f

- 2252
sin(z — 2) 1

We have f(z) = G-Da-1D so Dy = R\ {1,2}. Function f is continuous on its domain" (in
x—2)(x —
the top we have the composition of two continuous functions, in the bottom — polynomial).
Points 1 and 2 do not belong to domain but they are cluster points of domain so f has discontinuities
at 1 and at 2. In order to determine their types we have to calculate limits of f at these points.

We have ) 5 ) ) )
lim f(z) = lim —S2E=2) o sz —1-1=1
T2 =2 (x —2)(x—1) 292 x—2 z—1

because if ¢ — 2 then © —2 — 0 and z — 1 — 1. Hence f has removable discontinuity (I type) at 2.
For the limit at 1 we have to calculate one—sided limits because there is not an indeterminate form
(top tends to some number different than zero, bottom to zero). We obtain

. . sin(x — 2) sin(—1)
1 - 1 = =
Jm fe) = T o e [_1 ot T
because sin(—1) = —sin1 < 0 (look at the graph of sine function) and if + — 14 (which means that

x is close to 1 and greater than 1) then x — 1 tends to 0 (but is positive).
Analogously (z — 14+ means that z is close to 1 and less than 1)

: L sin(z —2)  [sin(-1)]
Jm o) = o ey [_1.0—} -

Therefore f has infinite jump (the discontinuity of II type) at 1.

b) f(z) = arccot g —

We see that Dy = R\ {3}. Function f is continuous (as the composition of two continuous func-
tions: arccot and rational function). Hence f has the discontinuity at 3.

If x — 3T (z is close to 3 but greater than 3), then:
e xr—1—2

e 3—x— 0"

z—1 2
e 5= — —oc because we have [5=]

e arccot gf_l =

T

r—1

so lim f(z)= lim arccot

= T.
z—31 z—31 3—x

"We say that it is just continuous.



If x — 37 (z is close to 3 but less than 3), then:
e x—1—2

e 3—x—0"

o 2=l 400 because we have [0%]

e arccot % —0

r—1

so lim f(z)= lim arccot =0.

r—3~ r—3~ — X

Therefore f has I type discontinuity (finite jump) at 3.

(1—2)* if <0
c) f(z) =4 arcsinz if z€(0,1)
In(x—1) if z>1

We see that Dy = R. Function f is continuous on intervals: (—o0,0), (0,1), (1,+00). It may be
discontinuous at 0 and 1, we have to check it.

Since
fO)=1-0°"=1"=1,

lim f(z) = lim (1 —2)* =1,

z—0~ z—0~
lim f(z) = lim arcsinz = arcsin0 = 0,
z—0+t xz—0t+

f is continuous at 0.

Since -
f(1) = arcsinl = 5

lim f(z) = lim arcsinz = E,
z—1- T—1" 2
. . u=xz—1 .
RCERTNICRNE (A e B RTREESS

f has infinite jump at 1.

S f g€ (—1,0)
d) fz&)=< 2 if =0
-3 if x=5

We see that Dy = (—1,0) U {5}. Function f is continuous on interval (—1,0) and it is continuous
at 5 (isolated point of Dy; remember that at isolated points of domain functions are always continuous
— it follows directly from the definition of continuity). Function f may be discontinuous at 0, we
have to check it.

We obtain

lim f(z) = lim f(z) = lim sinw_ 1,

x—0 z—0~ z—0~- T

so f has removable discontinuity at 0 (we can redefine the function by the change of its value at 0 to
obtain new function which is continuous at 0).



Limits of functions of two variables

lim )f(:n,y), then x

(z,y)—(a,
tends to a and b tends to y simultaneously. If you obtain an indeterminate form, then try to simplify
or rewrite the function in ‘better’ form and apply formulas for limits of functions of one variable, for

I Sometimes it is easy, you have to remember that if we calculate limit

example:
. z+y 2+4 1
1. lim = = —;
(xy)—24) 22 —y2 4-16 2
. z+y [3] . T4y . 1 1
2. lim T = m —7 lim — -
@—2-2) 2> —y*  (@y-2-2) (@-y)(@+y) @y-e-2r-—y 4
. z=1 [1°°] . 1 73z(z—1) 6
3. lim 1+3xy) v = lim [ 1 + 3xy) 3=y =e;
(z,y)—(2,0) ( ) (z,y)—(2,0) ( v)

x—1
4. lim (1+43zy) v =7'=71.
(z,y)—(2,1) ( 2

IT If you suspect that the limit does not exists, apply the Heine definition:

lim x,y) =L <
($7y)—>(a7b)f( v)

= V{(@nyn)} (TnsYn) € Dy, (%0, Yn) # (a, b)angrfoo(xmyn) = (a,b) = HEIEOOf(xmyn) =L].
e If we can find one sequence of arguments, convergent to (a, b), satisfying condition (zy,, yn) # (a,b),
such that lim f(z,,y,) does not exist, then  lim  f(z,y) does not exist.
—+oo (,y)—(a,b)

e If we can find two sequences of arguments {(x],,y.,)} and {(z!, y/)}, both convergent to (a, b), sat-
/

isfying conditions (z/,, y.,) # (a,b) and (22, y") # (a,b), such that lim f(z},y,) # lLm f(zl yo),
n—-+00 n—-+0o
then lim  f(z,y) does not exist.

(z,y)—(a,b)

Example 5. Let us try to calculate  lim W
(2.9)=(0,0) % + y?

4

Let the first sequence has general term (z7,,4,) = (1,2). Then

b f )= tm f (L) = R 2 g Lol
A f b = I F\ o) = g = e = s =y
Let the second sequence has general term (z,,y1) = (0,1). Then
: " /! : 1 : 0 l 0 .
lim f(z,,y,) = lim f(0,—|= lim == lim 4= lim 0=0
n—-+oo n—-+oo n n—+o0 () 4 oz n—-+oo oz n—-+oo

Obviously 1 #£ 0 so lim ——>— does not exist.
Y27 (.9)—(0,0) 22 + y?
2

Example 6. Let us try to calculate  lim %.
(z,9)—=(0,0) 2% +y

LL'Qy



First, we consider infinitely many sequences with general term (z/,,y!) = (%, %), where k is any
real number. Then

1k L.k .
ngr—sl—loof( n?yn)_nll)g_loof<n’n> nglfoo%_i_% ng-ﬁ-oof—f-k‘ 0.

It means that if this limit exists, then it is equal to 0. But the word ‘if’ is important. Let
q p
( Z,?yn) (n’ n2)

11 T o 11
- I Z )= lim »rfn® _ nt ——
ngr—il-loof( nvyn) - nEI—&I-loof <’n,’ n2> nll}I—iI}oo % + % ngI—&I—loo % nEI—II—loo 2 2
n n n
2y
Now we are sure that  lim ——— does not exist.
()~ (0,0) 4 + y?
ITT Sometimes the Squeeze Theorem may be useful.
x2y2
Example 7. Calculate  lim 3
z,y)—(0,0) 2 + y?
For any (x,y) # (0,0) we have
2,2 2,2
7y Y 2
0< < = y”°.
S x2S 22 Yy
222
Since lim 0= lim y?=0, we obtain lim — 5 =10
(z,y)—(0,0) (z,y)—(0,0) (x9)—(0,0) T2 + y?

Remarks:
e the sequence {(a + 1,b+ £)} tends to (a,b);

e if you obtain the same limit of f (a + ,b + ) for any k, try other sequences, for example
{lat iz b+ or {(at 5.0+ 5k

e if you suspect that lim, ,y_,(4p) f(7,y) = L, youmay try to show that lim, ,y (o) [f(2,y)—L| =
0 using the Squeeze Theorem,;

e for limits at (0,0) the polar coordinates x = rcost, y = rsint may be better (you know them
from algebra).



