MACRO, sem. 1
Examples of tasks for learning outcomes

Note: Only the definitions, theorems, formulas given in the lectures can be used.
E1 — domain

Find and sketch the domain of

2 2
a)z:arcsjnx—i_ y+1n(x—«/y+1) m)zzln(l—x)+ 2 — a2 — 2
4 m — 4arctan(z +y — 1)

b) z = arcsin(y + 2?) — arccos(y — %) +

+1In(2z — 2?) V1-13

2 n) == arcsin(z? + y?)
2 3
d) z= + arctan(z” + — — 1)
Y

arcsin(y — x?

c) z= arcsin(y — 2) +Va?+ 3z
?)
a1 z? — Y
= =142
) 0) z » + 2 arccos 5
arccos(y + x2)

arccos(y + x
) (=9 +yf2 =3
ety p) z = arccos(z —y - —
e) z= ‘ n(zy) +V1l—uz z

arccos(z? 4+ y? — 2)

q) z=3arcsin(z —y) +zln(jly + 1| — 2)

f) z =arcsin(z +y — 1) + /—y - arctan(x + %)

g) z = arccos(l —2* —y*) + /vy — |z| - Iny
h) == /5 In(y — |2]) — arcsin(4 — 2* — %) s) z = \/n — Baresin Y + In(1 - y? — 2?)

V3
i) z =arctan /2% + y? — 4 +log,(z — y)
x
j) z=In (arccos g) + et —y t) z = \/7T + 3arccos

— 1
k) z= /arccos% + In(e? — x) u) z=1In (arcsin % _ %) +

r) z:\/W—Barccosx;_y+ln(1+y—x2)

Y Tty
- In | m 4+ 3arctan
( \/3)

3
1) z=In (arccos g) Vy—x22—1 + ey\/arccot (x—2)— 17
E2 — inverse function
Find inverse function of
a) f: y=2arcsin(3z — 1) g) [ y= 9eaTesin

. _ 72arccos%
b) f:yzl—\/m h) f: y=e

i) f: y=1+2In(arctanx + )

brne (1)

X
. — 4 _ —
e) f: y = 1— e(‘/arccosx k) f Yy = \/371' 4arccot 9

—1
c) fr y=In (i%aur(:cos.gg2 —27r)

d) f: y:362arctan\/§

f) f:y=1+c2uctanve 4> 1) f: y=mn—2arcsin(lnx)



m) f: y=m+ arccos(lnz)
n) f: y=In(4arccot /)
o) f: y=arccos(—/z) — 1

5

p) f: y=cos’x, x € (—7r,—2

3
q) [ y= (37r+2arcsing>

r) f: y=1+arccot

l‘_
3 \°
Dy = t
s) f:uy (arc anx+1>
1
t) f: y—\/ﬂ—élarctanx
) f 9 . 1
u) f: y=2arcsin
4 Inz—1

E3 — properties of functions

e (Calculate the exact value of

a) tan§ + sin(arctan(—3))
b) tan(arccos2) —sinm
e Sketch the graph of given function
a) y = —[In|z|]
b) y = arctan |z — 1|+ 7

))
)

c) cos(3m) + cos(2 arccos (—

N Ol

d) arcsin(sin6) + 3 arccos(—

c) y = |2 — arccos (ac—i—%)!

d) y = el

e [s the function one—to—one? Apply appropriate definition.

2

a) f(x) =e"+coshz c) f(z) = =5 =
b) f(z) =e® +sinhz d) f(z) =22 f) flz)=2%—3z

E4 — the limit of sequence

e (Calculate the limit of sequence with general term a,,, where

4 1 3n2+1
b) ap = (2
dn + 3
) 7’L2—|-2 3n—1
c) a, =
nz+n
n? — 3n\
d) a, =
) @ <n2+1)
n? +2n Bk
e) a, = 5
n?+3

f) a, = V3" +2cosn

n 1
g) a, = {/2n +sin —
n

h) an:%<\/n2—l—1—\/n2+3n—2>

VIt 1-aIn -2
CVAn+2—+4n -3

i) a,

. N/on—1 3n2+4n

3) an = \/(2n+3>

k) a, =n(|3n+i| — |2 — 3ni|)
) a, =|n+2+i| — |1+ ni
m) a, = [|2n+ 1+ 3i| — |1 — 2in|

n) a, (13n + 5i] — |1 — in])

:n—i—l

1
0) a, = —(|2n + ni| — |5 — ni|)
n

) vn+1—+/n+3

ay, =

p Von+3—+v2n+1

Vn2+2n—+vn2+3n—1

q) an = "
1+3)

B Y — 332

VAn2 +1—+V4n2 +n

r) ap




E5 — the limit of function

e Calculate

9432\ 3 _arcsin 2z g lim —Y
9T _ 3 2
b) lim (25%)" e) lim =5 by
Jm o x an 5 | (2,y)—(0,0) 2 + y?
(30 oy £)  lim Y ) lim (14227 +2y%) P07
c) ilgz“[(3$ 2)#21 ) (z,9)—(2,0) TY + 3y ) (x,y)H(O,O)( v):

e Determine types of discontinuity of function f. Where is the function continuous?

1 sin(z — 1)
a) f(x)= ;arccot 1 c) flx)= —
) 1 —cos’x
b) f(x) = wer VIO = e
e For which a function f is continuous?
B if >0 tan 2z if z>—4
a x) = z . — 244z
) J(@) { In(a*+2z) if <0 d) flx) { arcsin(2a — 3z) if x < —4
2_1 )
—L— if z<1 tan(z2+4x) .
b)ﬂwz{Qw@H ! T
asing if x>1 ¢) /() arcsin(2a — 3z) if <0
tan 2z if >0 . if .
_ ) s 1 _ [ arcsinz if xe(-1,1)
©) /(z) { arcsin(2a — 3z) if =<0 £) flz) = { L if r=2

e Calculate f'(xq) directly from the definition

) f(a) = Va?+ 2z, 2 = 1 ) o) =2 w=3
b) f(z) =In(2z +3), 2o = 2 | T+ 2
c) f(z) =In(2z —3), xp =2 j) f(z) = V16 — 322, z9 =2
d) f(z)=e*"" =0 k) f(z) =In(1 - 3x), zo = —1
e) f(z)=co ( x), 29 =0 ) flz)=2"" 2y =1
_ m) f(z) = cos(x + 3), 19 = —3
f) flz) = +1 ro=—3 o
_ 1 . Il) f($) = arcsin , To =2
g) f($)—m, To = P
h) f(z) = 3arcsin(z + 1), 2 = —1 0) f(r) = 5. w0 =1
E6 — monotonicity and extreme values
Test the monotonicity and find extreme values of
a) flz)=(a* =3) ™" d) f(z) =a*e~
e’ )

b) f() =In " ) f(z) =

&) f(x) = a'et ) f(o) = et



3z

g) J(&)=
) @)=

i) f(z)= (22% 4 22 — 7)6—2x
j) flz)= arctani + 1n(x2 +1)

k) f(z)=In(z+1)+2° -z

) f(z) =In(z* — 32)
m) fx)= e

n) flz) = e

0) f() = =5
p) f(z) =4Inz +2* — 62

q) f(z)=2"—4Ina?

N

s) f(z)=arcsinz +2V1 — a2
t) flx) = (2® +42 4+ 2)e >
u) f(z)=2"+4r +6In(2 — z)

2’ 4ax -3

V) f@) =

—4In(x +1)

E7 — application of derivatives

Find the equation of line which passes through A(0,2) and is tangent to y = ze
Find the equation of line which passes through A(0, —1) and is tangent to y = = Inz.

Find tangent and normal lines to given curve at the point corresponding to

= tcos(t®> — 1 = arctan ;
2) x c;i(Q ) b= 1 0) T = arctan g b= 1
y = 3e y =tsin(t+1)
b) r=13—2t+2 F—0 d) ‘T:% to = —2
e Find points at which tangent line to given curve is perpendicular to line [
a)y:;x—jrl?), l: x4+5y—1=0 d)y:xe%, l: x=3
—t
r=tint r=e"(t+1)
b [: 4 2=0 e){ _ , l:x—3y+5=0
) {y:2t2lnt+t2’ et y =t
r =t — arctan * r=1Ini5
t . - f 1—t , l:x+6y+5=0
C){y:t+1n(t2+1)’ l: 204+y+2=0 ){y:2t3_9t2+12t+1 y
e Find points at which normal line to given curve is perpendicular to line [
r=et(t+1) r=tlnt
l: 2x— 5=0 [:2x—y=1
a) {y:t%_t ’ Tyt °) y=t(14+1nt) "’ Y
= t—V1—12
b) JJ_;I‘;COS?)2 X Ll 3r+y=0 ) r=t24+2t+3 T
y=20 =50 y =arcsint —+v1—1¢2) *
x = 3arcsin /1t
C , L de—3y=1 =In(t? +1
){yzgm Ty g) ¢ ° n(HD ey =
y =1 — arctant
d) x = 3arcsin /1t 2ty —1
y=2vVt—t> = Y= h) y=In(1 +tan’z), [: y =223

e Find normal line to # = In(1 — 2t), y = arccot t which is parallel to 2z +y — 3 = 0.



e Use the differential to find the approximate value of the expression (the result should be written in the
decimal form)

a) 1/(9.001)3 d) cos(0.01) - ¢~00! 102 i) In(3 — V4.02)

8) o5
b) {/(8.024) e) 0.02- ™%
1.9 . 1.04
c) 1+ (1.9)3 ) 13 h) /(2.96)2 — 1 D \596
E8 — derivative in one step

Calculate in one step the derivative (do not simplify the result) — see examples on PRE. If the derivative is

calculated in several steps, we check only the formula after last equality sign.

Exam — theory

Test consists of about 15-20 tasks, identical or similar to tasks listed below. The pass mark is 24 out of 60

points.

1.

arcsin — definition, graph, properties (i.e.: domain, range, zeros, monotonicity, where it is continuous,
differentiable? is it bounded, concave up/down?).
Analogously for arccos, arctan, arccot, In, sinh, cosh.

Definition of a metric/metric space.
Definition of cluster point /isolated point/interior point/open set/closed set/bounded set.
Definition of convergent sequence and its limit.

State and prove the Squeeze Theorem/ theorem on reduction of the convergence to the case of real sequence
in Euclidean metric space/ theorem on the uniqueness of the limit/ theorem on bounded and monotonic

sequence.
Derive the formula for: lim ¥/n, lim a—.
Give the definition for lirJqu f(z) =a.

T—>+00

HIN  f(Z) = @ <50 i e

xr—+00
where f: D — ...... DC .....;a € ....., DS i g AT
Make a figure.
Analogously for other limits.
Complete the definition: lim f(x) = .... <= V;,,3550 [Vaep 0 < dx(z,a) < d = f(x) < m]
where f: D — ..., DC ..., a € ... g TS e p AN are
metric spaces. Make a figure.
Complete the definition: lim f(z) = .... <= Vi) [(mn €D, z, <b, limz, =b) = lim f(x,) = a]
where f: D — ... DC...,a€...,be ... , .... is the cluster point of .....; and .........ccccooiiiiiiiiiiiiiiiin,

are metric spaces. Make a figure.



8=

, lim
z—0 €T

1\" 1\*
10. Derive the formula for: lim <1 + —) , lim (1 + —) : lin% (1+2)
T r—

T—r+00 x T——00
11. Find directly from the definition the derivative of f(x) = sinx
Analogously for f(x) =a®, f(z) =¢€", f(z)=Inz, f(z) = %, f(x) =22, f(x) =23, f(x) = x.
12. The Lagrange Theorem/ the Fermat Theorem/ the Rolle Theorem — state and prove.
13. 1st/2nd/3rd/4th corollary from the Lagrange Theorem — state and prove.
14. Relations between monotonicity/concavity and the sign of appropriate derivative.
15. The derivative of a function at a point — definition and geometrical interpretation.
16. Differential — definition and geometrical interpretation.

17. Derive the formula for the differential of sum/difference/product/quotient of two differentiable functions u
and v.

18. Prove that if y = f(x) is a differentiable function, then its increment may be written in the form Ay =
dy + aAx, where Alimooz =0.
Tr—>

19. Extreme values — definitions, necessary and sufficient conditions, corollary from the Taylor Formula.

20. “If a function is continuous at a, then it is differentiable at a” — it is ............. (true/false) statement
because....... (justify your answer, i.e. prove or give a counterexample).
Analogously for statements:

a) If a sequence is convergent, then it is bounded.

o

) If a sequence is divergent, then it is unbounded.

@]

) If a sequence is bounded, then it is convergent.

o

) If a decreasing sequence is bounded, then it is convergent.

) If a sequence is monotonic, then it is convergent.

@

—+

) If f is differentiable at xg, then f is continuous at z.
g) If f is discontinuous at xq, then f is not differentiable at x.

h) If f is not differentiable at xq, then f is discontinuous at x.

i) Every function continuous at some point is differentiable at this point.

J
k

1

Every function differentiable at some point is continuous at this point.
There are functions continuous and not differentiable at a point.
There are functions discontinuous and differentiable at a point.

m) Continuity is necessary for differentiability.

=

Continuity is sufficient for differentiability.

Differentiability is necessary for continuity.

e}

Differentiability is sufficient for continuity.

T

q) If f is defined on R, then its graph has no vertical asymptotes.

T

)
)
)
)
)
)
)
)
)
)

There is a function f such that the curve y = f(z) has simultaneously vertical, horizontal and slant
asymptotes such that the slant asymptote is not parallel to the x—axis.

21. Complete



1) lim =,
t—0 ¢
28—t
2) lim =
t—0 ¢
3) 151(1) T e
4) lim sine
z—0 X
5) lim 22—
r—+oo I
6) lim ¥ — ...
r——00 I
7) lim S
=3 T
. sin(z —2)
8) 3161_% gy
i -2
o) lim S2r =2 _

10)
11)
12)

13)

15)
16)

17)
18)
19)
20)

. sinn

lim =
n—-+oo n

lim nsin— =......
n—-+oo n

lim /n=......
n—-+oo

lim V5=
n—-+oo

lim (/n+ V2) =
n

. Iyn
lim (1——) =,
n—-+oo n
2\"
lim (1+—) -
n—-+o0o n

1\3n
lim (1 . —) -
n—-4o00 n

lim e* =..
z—0

lime™ =
z—0

lim € =...........

r—r-+00

21) lim e =......

T——00

22) lim Inzx =......

z—0t

23) limlnz =........
z—1

24) lim Inx=...

T—+00

25) lim arctanz =...........

T—+00

26) lim arctanz =...........

T—r—00

27) lim arctanz =..
z—0

28) lim arctanz =..
z—1

29) lim arccotz =...........

r—r-+00

30) lim arccotz =...........

Tr——00

31) lim arccotz =
z——1

32) lim arccotx =..
z—0



