
PART 1
INTRODUCTION



Sets of numbers

set of natural numbers

set of integer numbers

set of rational numbers

set of real numbers 

set of complex numbers 

ℕ = 1,2,3,⋯

ℤ = 0,±1,±2,±3,⋯

ℚ =
�


: 		� ∈ ℤ		⋀		 ∈ ℕ

ℝ = ℚ	 ∪ 		�ℚ

ℂ = � + �: 		�,  ∈ ℝ	, �� = −1
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Any real number has its own, one and only one, position
on the real line, and vice versa: any point on the real line
corresponds to exactly one real number.

The real line(or axis) – a line with indicated direction, 
origin 0 and unit 1.

0 1
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Intervals– subsets of  ℝ of the form:

Note: 

� ∈ ℝ: 	� < � <  = �, 

� ∈ ℝ: 	� ≤ � ≤  = �, 

� ∈ ℝ: 	� ≤ � <  = ��, )

� ∈ ℝ: 	� < � ≤  = (�,  

� ∈ ℝ: 	� > � = (�,+∞)

� ∈ ℝ: 	� ≥ � = �,+∞

� ∈ ℝ: 	� <  = −∞, 

� ∈ ℝ: 	� ≤  = (−∞,  

ℝ = −∞,+∞ , 4,0 = ∅, 3,3 = {3}
4



Df. 1. We say that set  ( ⊂ ℝ is bounded aboveiff
∃+∈ℝ∀-∈.	� ≤ /.

Number / is called the upper boundof (.

Df. 3. Set S is boundediff it is bounded above and below. 

Df. 2. We say that set  ( ⊂ ℝ is bounded belowiff
∃+∈ℝ∀-∈.	� ≥ /.

Number / is called the lower boundof (.
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Example:

Set ( is bounded above (by 1, 20,  5, etc.).

Set ( is bounded below (by –2, 0, -15,  etc.).

Hence S is bounded.

Note that 1is the least upper bound (i.e. supremumof () 
and 0 is the greatest lower bound (i.e. infimumof 	(). 

We write:

Note that LUB and GUB are not necessarily members of S.

( =
1

2
: 		2 ∈ ℕ = 1,

1

2
,
1

3
,
1

4
,
1

5
,⋯

inf ( = 0, sup ( = 1.
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Example:

Completness Axiom:

Any nonempty bounded above subset of ℝ has the supremum.

It follows from CA that any bounded below nonempty subset of ℝ

has the infimum. Therefore CA is an expression of the fact that
there are no gaps or holes on the real line.

( = � ∈ ℕ:	�� < 5

inf ( =? sup ( =?

Example: ( = � ∈ ℚ:	�� < 5

inf ( =? sup ( =?
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Cartesian product

Df. 4. TheCartesian productof sets: and; is the set of all ordered
pairs such that the first element of the pair belongs to: and the
second one belongs to;, i.e.:

: × ; = �,  : 		� ∈ :		 ∧ 			 ∈ ; .

Example: if : = 0,1,2 		and			; = {�, >},  then:

: × ; = 0, � , 0, > , 1, � , 1, > , 2, � , (2, >)

; × : = �, 0 , �, 1 , �, 2 , >, 0 , >, 1 , (>, 2)

; × ; = �, � , �, > , >, � , >, >

In general, the Cartesian product is not commutative.
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: × : = :� : × ∅ = ∅ ∅ × : = ∅

Analogously,

: × ; × ? = �, , @ : 		� ∈ :		 ∧ 			 ∈ ;	 ∧ 			@ ∈ ? .

: × : × : = :A	 and so on.

a) 1,2 × −1,−1

b) 1,2 × {−1,1}

c) ℕ × 0,1

d) 2 × ℝ

e) ℕ × ℝ

f) ℝ�

g) ℝA

h) ℝ� × 0

i) 0 × ℝ�

Example: give the geometrical interpretation of 
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About theorems

Usually theorems have the form ‘if p, then q’

The converse of above theorem, i.e. ‘ifq, thenp’ may be
a false statement.

qp ⇒

Example:

00

00
2

2

>⇒>

>⇒>

xx

xx TRUE

FALSE
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qp ⇒

objects 
satisfying p

objects 
satisfying q

p is a sufficient condition for q

q is a necessary condition for p

)()( pq ¬⇒¬
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If both sentences                                are true, 
then we can write

(p if and only if q).

Therefore p is necessary and sufficient for q, 
and vice versa.

pqqp ⇒⇒ and

qp ⇔
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Absolute value

Df. 5. The absolute value(modulus) of real number x is 
defined as follows





<−
≥

=
.0if

0if
||

xx

xx
x

Note that the modulus of x is the distance from x to 0.

13



Example:

Let a > 0.

][||

||

][||

axaxax

axaax

axaxax

−<∨>⇔>

<<−⇔<

−=∨=⇔=

-a a0

-a a0

-a a0
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=− || ba distance from a to b

4|26| =−

7|)1(6| =−−

8|124| =−

1|)3(4| =−−−

5|23| =−−

3|)7(4| =−−−6|)5(1| =−−

8|53| =−−

Example:
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