PART 10
INDEFINITE INTEGRALS (2)



We can integrate any rational function (by long
division and decomposition into partial
fractions).

Some 1ntegrals, after an appropriate substitution
called rationalizing substitution, become integrals
of rational functions.



Integration of trigonometric functions

I R(sin x, cos x)dx R — a rational function of two
variables: sin x and cos x

: : : Y X
Universal trigonometric substitution: | ¢ = tan—

2

x 2dt
—=arctant & x = 2arctant & dx = 2
1+t
| 2t 1—t?
sinx = : =
1+ 2 OSX=773

_ 2t 1 —1t%\ 2dt
fR(smx,cosx)dx=fR T2 15211 =fR1(t)dt



Examples:

X
[ =tan —
2
2
l)j dx = dt2
&nx 1+1¢
: 2t
SIN X = >
1+1° |
X
:ln‘t‘+C:Intan5 +C




t:tani COSX =
2 1+1
2)_[ (I+tanx)dx Iy — 2a’t2 an x 2t
3sin? x — cos x — 2 1+1¢ 1—1¢
. 2t
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1+1¢
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I j R(sin x,cos” x)cos xdx =

{ =sInx

=| dt =cosxdx =jR(t,1—tz)dt:IRl(t)dt

cos’x=1-12

111 j R(sin2 X,COS X)sin xdx =

{=Ccosx
=| dt =—sinxdx | = J.—R(l—tz,t)dtz“‘Rl(t)dt
_sinzx:l—tz_




Example:

p { =sinx
cos xdx
j : o—=| dt=cosxdx |=
2+2smx+cos” x 7 7
cos" x=1-t¢

_J‘ dt _j‘ dt _J‘ dt B
242t +1—¢7 2 42t43 J—(+D(-3)

(1 1)
- || -4 1[1n\z+1\—1n\t e =L o-
t+1 t—3 4 (t-3
\ )
:lln s.1nx+1 +C:lln smx.+1 C o
4 |sinx—3 4 3—sinx




Example:

J‘ dx _J‘Sinxa’x _J‘ sin xdx _|t=cosx B
sin x sin2 X 1—(;052 X dt = —sin xdx

(1 1)
:J‘—dt:j‘ —dt :I 2 2 e
1—¢2 J(1=e)1+1) J|r=1 141
\ )
= [ln‘t 1‘ ln‘t+1‘]+C—llnt : C:llncosx—l +C
2 |t+1 2 |cosx+1

Note: 1n this integral the UTS was better (faster).



. 2 .
1A% I R(sin” x,cos” x,sin x cos x)dx

dt
t =tanx| © x = arctant < dx = 5
1+t
- t? , 1 _ t
SIN~ X = , COS™ X = , SINX COSX =
1+ t2 1+ t2 1+ t2

jR(sinzx, cos? x, sinxcosx)dx =

_fR t? 1 t dt —fR(t)dt
- 14+t2’1+t2’1+¢t2)1+4+¢t2 )1




Integration of irrational functions
I | R[x ‘/2’: de -

Ht_n ax+b_
cx+d

o ax+Db
cx+d

x=r(t)

dx =r'(t)dt |

_ j R(r(), 6 (£)dt = j R, (t)dt




Example:

X
t = x —1
X
1 X I
fx—l(l_l_ x_l)dx: X = e )
t2—1
—2tdt
_dx= (tz_l)z_

_f L e _J—tht_
AP (CE o

-1
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II _“R(x"\l/;"%/;”%/;)g’ _

dx = nt" ' dt

n — the lowest common multiple of
Nys Ny, Ay,
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Example:

jx(J¥+f)

& ¢4

:J123

12 +17)

=12

=R = =12 = ae=12:"ds

1261 dr = 12_[ Lt :lzj[tz —t]u’t =

{+1

+C=dx-6Yx+C.

\/; téi/;—t44X—t36 _tz_
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111

jR(x, \/ax2 + bx + c)dx

Euler’s substitutions:

\/ax2+bx+c=xti\/; if ¢>0

\/ax2+bx+c:tix\/; if a>0

\/ax2+bx+c:t(x—x1) if A>0, ax{ +bx;+¢=0
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Przykiad:

JX2+K=t—x
x2+ K =t?%—2tx + x?2
t? — K
f d.x _ X = 2t _
Vx2 + K dx=t2+Kdt
2t2
\/x2+K=t—x=t—t2_K=t2+K
! 2t 2t
2
=ftz-:ZKdt=f@=ln|t|+C=1n|x+\/x2+K|+C
t2+ K t
2t o
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AT

v | .

2 L hx+c

Method of undetermined coefficients:

P, (x) d

a’x:Qn_l(x)\/ax2 +bx+c +ﬂ,j\/ -
ax

J‘ X
\/ax2+bx+c +bx+c



B, (%)

j dx=0, , (x)\/ax2 +bx+c +/1I ax
\/ax2+bx+c \/ax2+bx+c

B, (%)

=0 (x)\/ax2 +bx+c+
\/ax2 +bx+c

2ax+b A
+ Qn—l ()C) > + 5
2\/ax +bx+c \/ax +bx+c
) b
Px)=0",_(x)(ax” +bx+c)+0,_, (x)(ax + Ej +A
N -

—

a polynomial of nth degree
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« we compare coefficients in the same powers of X,
e solve the system in unknown coefficients of O and A

 substitute into formula

J‘ b, (x)
\/ax2 +bx+c

dx = Qn_l(x)\/ax2 +bx+c +lj ax
\/ax2 +bx+c

e calculate the integral on RHS
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J‘ dx
\/ax2+bx+c

%@Hate subst1tN

fm ﬁ
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Example:

J\/x2+de:

_J‘ x2+ K

dx
dx = (Ax+ BWx2 + K +/1j
\/x2+K \/x2+K

j\/x2+de:£\/x2+K+Kj d =
2 2 \/x2+K

K

=§\/x2 +K +71nx+\/x2 +K|+C.
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