PART 11
DEFINITE INTEGRAL



Definition of definite integral

We consider a bounded functiom :<a, b> > R

n — fixed natural number
x :{<X0’X1>’<X1’X2>’<X2’X3>’---’<Xn—1’Xn>}
aA=Xy <X <X <..<X,=Db

AX =X —X_4, 1=12,...,n

A, =maxAx;  norm (mesh) of partitiorP,
1<i<n

& O(%,%), 1=12,...,n  intermediate points
(arbitrarily chosen)
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the Riemann sum:
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the Riemann sum depends on ...



The sequence{Pn} Is called a normal sequence of partitions

U im A_=0

N—-oo

For each new partition we form the Riemann sum and then
calculate the limit of obtained sequen¢t}

How one can interpret the limit oR{}?



If for all normal sequences of partitions of interva, b) the
limit of sequence of Riemann’s sums always exists and always

has the same finite value, independently of how poéntaere
chosen, then this limit is called tdefinite integrabf f from a

to band it is denoted by

b n
jf(x)dx: lim Zf(fi)Axi.
a (A, -0) 171

a— lower limit of integrationb — upper limit of integration

Convention: .
j f(x)dx =0
a

jbaf (X)dx = - j:f (X)dx



Examples

1) j:dx =

0, f(X)=1=0; f(&)=1
imR, = Iimzn: f(&)A% =lim mei =lim ZAXi =
" A A A

=lim(b-a)=b-a
n

Therefore J‘tax —h-a
a



1 f [ b
o) f=i or XHR [ toodx=2
0 for xOQ a

1”& 0Q, (&) =1

im R, —I|me(€,)Ax —anmX =b-a
2° & 0Q, f(c’.) 0
im R, —I|me(€,)Ax —anom =lim0=0

The limit of sequence of Riemann’s sums depends on particular
choices of intermediate points so the function is not integrable.

O
.



Properties of definite integrals

Theorem 1. If function f is continuous on<a, b>, then it
is integrable over(a, b).

Proof:
P, (n-fixed)

Oicicn T iscont.on (x_y,%)

@ the Weierstrass Theorem

In theith subinterval the function attains its global
minimumm, and global maximun,



m<f()<M,, 1=12,..n
mAx < f(&)Ax < M;Ax, 1=12,....n

Zn:miAxi < Zn: f(&)Ax < Zm:MiAxi
i=1 =1 =1
\ \

) )
Y Y

Sh Sh

Let us consider a normal sequence of partitionféa;ﬂ:))

We obtain two sequences i { S}, such that

§§<S,<55...5;55, 55



Sequencesq} | { S} are convergent (why?)

and they have the same limit:

n—oo N— oo n—-oo

n n
<lim ) £, = lim &, Ax = lim £,(b-a) =0
1=1 1=1

IimS, =Ilims, =1

n—- oo Nn—- oo
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n“m f =
im Z (E)Ax =1 = jf(x)dx

(A ~0) 171



Analogously, one can show that following
functions are integrable:

e bounded and monotonic

 bounded with finite number of discontinuities.
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Theorem 2 (Mean-Value Theorem for definiteintegral).
If function f IS continuous on<a, b>, then there exists a
numberc In this interval such that

1 b
f(c):mjf(x)dx.

Equivalently,

b
jf(x)dx:(b—a)f(c).
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Geometrical interpretation of Th. 2:

fEQf(X)
_c / jzf(x)dx:A+B+D

- (b-a)f(c)= A+B+C

b
(b-a) f (c) = j f(x)dx
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Proof of Th. 2:
m< f(&)<M, 1=12,...n
MAX < f(&)Ax < MAX, 1=12,...n

Zn:mAxi szn: f (& )Ax szn:MAxi

=1 =1 i=1

m(b—a)Sif(fi)AXi <M(b-a)
=1

im m(b-a)< lim Zn:f(fi)Axis im M (b-a)

Nn—- oo N-oo Nn—- oo

(A, - 0) (A, - 0) 171 (A, - 0)
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b
m(b—a)sjf(x)dxslvl(b—a)

a

1
b—a

ms<

b

ju@wsm

a

@ f has the Darboux property

b
1
ey 1O == £ f (x)dx
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Theorem 3. If functions f i g are integrable ove(a,b),

1) function [f| is integrable overa,b),

b b b

2) |[f (9 +900kx = | 1 09dx+ [ g(x)ax
> 0 j

3) jkr (X)dx = kj f(x)dx (KOR)

b C b
4) [ £09ax= [ f(ec+ [ £ (o, asc<b

5) [D «ab) f(x) < g(x)] :jl f (X)dx < jlt g(x)dx

then
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Theorem 4 (First Fundamental Theorem of Calculus).

If function f is continuous on(a,b),  then function
X
H(X) = j f(t)dt, xO({a,b)
a

iS continuous onia, b>, differentiable @ b), and

Uxaap) @' (x) = T(X).

18



Proof:

a X c x+th b
1° h>0

X+h

A(x+h) —B(X) = j f(t)dt — j f(t)dt =

x+h X+h

jf(t)dt+ jf(t)dt jf(t)dt_ jf(t)dt

lim [@(X+h)—@(x)] = lim @: 0
h-0" h-0"

—— bounded
(why?)

ﬂ134 th.

h2
= hf (c)
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2° h<0

X+h

H(x+h) - P(x) = jf(t)dt jf(t)dt—

Tt [ fOdt- [ f Dot = thf (B)dt = hi (9

a a X+h X

lim [¢(x+h) = $(x)] = lim r@z 0

—— bounded
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Since lim [#(x-+h)=¢(x)] =0 and lim [#(x+h)-$(x)] =0

we conclude HT)[¢(X+ h)—@(x)]=0

.e. Lim @(X+h) =¢(x). Therefore functiong is continuous.
-0

Function ¢ is differentiable:

. hf(c) _ ., -
= lim 2 —(El[rg)f(c)—f(x).

#09=Im,

p(x+h) -9(x)
h

21



It follows from First FFC:

sint SIN X

#(x) = j—dt:»qf(x)— ==

X

0
()= [ dt=¢'(x) = ¢

These formulas hold fotr such that ....
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Theorem 4 (Second Fundamental Theorem of Calculus;
the Newton-L eibniz For mula).

If function f is continuous on(a,b)  arfél is its
antiderivative, then

b
j f (x)dx = F(x)|° = F(b) - F(a).

23



Proof:

X () :j f(t)dt =0
P(X) :j f(t)dt; ¢'(x) = f(x) >

b
H(b) = j f(t)lt
F(x) =¢(x)+C 2

F(a) =¢(a)+C F(b) =¢(b)+C

b
F(a)=C F(b):jf(t)duc

b b
F(b):jf(t)dtﬂ:(a) — Jf(t)dt:F(b)—F(a).
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Examples:

1 3t 3, M3
1) Ixzdxzx— SE G
3 3 3
=2 -2
57

U orr T _\/5_1— 3
3 2 2

6 -
2) jcosxdx:sinx\ﬂ :sin?—sin ;
T 3

3) |cos xdx=1 sin® xdx = |

O =N | "
O N\ |

(sin® x + cos x)dx = 2|
N y
v 25

O N | Y




Theorem 5 (integration by parts). If u,v € C* {a, b), then

b b
ju(x)v'(x)dx = u(x)v(x)\z —ju'(x)v(x)dx.
a a
Example:
1 ‘u=arctarx Vv'=1] CE
jarctanxdx = y=_1 _v=x|T xarctar, —j1+ 3 dx =
0 1+ X _ 0

1 ,\1
:1@rctanl—0@rctar0—aln(1+x} =

0

:Z—T—O—iln 2+iln1:7—T
4 2 2 4

—iln 2.
2
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Theorem 5 (Substitution Rule). If
1) function f is continuous on<a, b>
2) functions ¢ i ¢’ are continuous or(a',,B>

3) ¢(a)=a ¢(B)=Db
4) the range of functiox = ¢(t), tO(a,B) , is contained {®, b)

then
b B
| F0oax=[ Flp@14 Oct.
NOTE:

thelimitsof integration in Substitution Rule are changed.
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Examples: t =3x—1

dt =3dx = dx:%dt

1
1) j(3x—1)5dx:

l—I'
II

62
% [26_( 1)] 63

-1

Wl
W=

[
Le—n

t = cosx
dt = —sinxdx

x| 0 713
el e

cos Xsinxdx =

o

r—
w

P em— [P O —w |

t°(-Ddt=—— =-—+>=—




Applications of definite integral

| Area of a curvilinear trapezoid

b
A= || (3dx

/ \y\:f(x)

a \/l{



|l Area between two curves

b
A:j[f(x)—g(x)]dx
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|l Area under a parametric curve (1)

/\

X = X(t)
y =1(x) {

\ y=yl),astsp
=X xocka,B)

a::x( Q)

\/ yOC(a, B)

B
A= j ()] (t)dt
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|l Area under a parametric curve (2)

/\

y =1(x) {

\ = x(

a=: X(5)

w

A= j y(0)[x ()t
B

X = X(t)
y=yt),a<st< S

xOCHa, B)

yOC(a,p)

32



|V Arc length

y = f(x), xO(a,b)
f 0C'(a,b)

b
| :j\/1+[f'(x)]2 dx
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|V Arc length of parametric curve

|

X = X(t)

x,yOCXa, B)
y=y),ast<p

B
=[x +1y 12 o
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