PART 2
FUNCTIONS



Basic definitions

Df. 1. A function f from a setX to a setY is a rule (or method)
of assigning one and only one elementyito each element iix.

We write f: X >Y

The element that functidmassigns to the elemexts denoted (x).

Then:
X — Input/independent value/argument
y = f(x) — output/dependent variable/value fofat x.

Note:f — function,f (x) — value of function (not the same!)

X —domain (set of all inputs)
Y — codomain It is possible thaY + R.

R —range (set of all outputs)



Df. 2. If a function f: X - Y takes on each value in sety
(Le.Y = R), then f Is calledsurjective(or asurjection or onto
function).

vyEYaxEX y=f(x)

Examples:

fiR->R, y=sinx not surjective
iR - (-1,1), y = sinx surjective
f:(0,m) - (—1,1), y = sinx not surjective
f:(0,7) - (0,1) y =sinx surjective



Df. 3. If a function f: X — Y sends distinct elements afto
distinct elements ofY, thenf is calledinjective (or aninjection
or one-to-ondunction).

Vapex la# b= f(a) # f(D)]
or, equivalently,
Vapex Lf(a) = f(b) = a=b].

Example:
fx)=2"*-2¥x€eR
f(@) = f(b) (20— 29)(1+2%7) =0
Z—a_zazz—b_2b|.2a+b Zb—2a=
Zb . 22a+b =2a _ 2a+2b 2 =b2a
a =

b _»~a _ 2a+b_|_ a+2b _

2l 2 0 f is injective (@

(Zb _ Za) 4+ 2a+b(2b _ Za):O



2
Example:  f(x) :X—, Xz -1
X+1
(a—b)(ab+a+b)=0

a=b [ ab+a+b=0

f(a) = f (b)

2 2
a” _b a(b+1) = b
a+l b+l
q= 0
a’(b+1) =b?*(a+1) b+1
1 1
2 2 — 2 2 f() =—=—
a‘h+a“ =b“a+b @ 15
22b+3a2 -b2a-bh2 =0 f(~0.5) = 025 _025_1

~05+1 05 2

ab(a—-b)+(a—-b)(a+b)=0
( )+ ) ) f 1S not one-to-one (@



Df. 4. If a function f is both injective and surjective, theii is
calledbijective (or bijection, or one-to-one ontéunction).

Df. 5. If f: X - Y is bijective, then thenverse functionf~1 is
defined as

fTRY X, ) =x e fO) =y,
wherex € X, y €Y.

Example:

fiy=1-vx—2, x2>2

Vx—2=1-y fTlhiy=x*-2x+3, x<1
x—2=(1-y)*

x =2+ (1—y)? O

fflix=y2-2y+3, y<1



Corollaries(for real-valued functions of onereal variable):

« Ifapoint(a, b) belongs to the graph of functigh then
point (b, a) belongs to the graph of functigfi .

« Graphs of two mutually inverse functions are symmetric
with respect to liney = x (the bisector of the first
guadrant).



Df.6.If f: X—->Y and g:Y - Z, then thecompositionof
g and f is the functionh: X — Z such thath(x) = g(f (x))
for eachx from X.

We writeh = g o f (f— inner functiong — outer function).
Example:
f(a) =a*+1,g(b) =sinb
(e f)x) =g(f(x)) = gx*+1) =sin(x* + 1)
(f °9)(x) = f(g(x)) = f(sinx) = sin’x + 1
Here gof # fog. o

Example:

h(x) =+V2x+1
inner functionf (x) = 2x + 1,
outer functiong(x) =+v/x. © 8



Real-valued functions of one real variable

We consider functions of the type

f:D->R, DcR.

Df. 7. Functionf Is calledperiodiciff

Crzo0p X+ TODC f(x+T) = f(x)]

NumberT is then called aberiodof f. The least positive
period of f is called thegorimitive period

Give examples of two different periodic
functions which do not have primitive periods.




Df. 8. Afunction f isincreasingon a setd c D |ff

vxl,xZEA [xl < Xy = f(xl) < f(xz)]

Df. 9. Afunction f is decreasin@n a setd c D iff

Vi, x,ea X1 <Xz = fxg) > fxz)].

Df. 10. A function f is nonincreasin@n a setd c D iff

vxl,xZEA [xl < Xy = f(xl) = f(xz)]

Df. 11. A function f is nondecreasingn a sed c D iff

vxl,xZEA [xl < Xy = f(xl) = f(xz)]

10



Examples:

1)

2)
3)

Functiony =i IS decreasing orf—oo,0) and on (0, +).

But it Is not decreasing on its domain! We say that it Is
piecewise decreasing

Similarly, functiony = — IS plecewise monotonic

Functionf (x) = x* — 2x? + 3 is increasing or{1, +).
Indeed, if 1 < x; < x5, then

fO) = flox2) =x1 —2x{ +3 —x7 +2x5 — 3 =

= (x1 _xz) — 2(x1 _xz) =
= (x1 _xz)(x1 +x2) 2(x1 _xz) =

= (x1 —xz)(xl +x2 —-2)<0

sOf(x1) < f(xz).
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Df. 12. Functionf is calledeveniff

Do [-xODC f(=x) = (%))

Its graph is symmetric with respectj@xis.
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Df. 13. Function f is calledoddiff

Oyop [-Xx0OD O f(=x) == f (%))

(a,b)

(-a,-b]

Its graph Is symmetric with respect to the origin.

13



Df. 14. A function isbounded abovéelow) iff its range
IS bounded above (below).

If a function is bounded above and below then it is called
bounded

14



Elementary functions

Df. 15. The following four functions, defined oiR, are called
basic elementary functions

e unit functionU(x) = 1,

e identity functionid(x) = x,

» exponential functiorexp(x) = e”*,

e sine functiorsin(x) = sin x.

Df. 16. The following functions are callesiementary functions

» each basic elementary function;

 constant multiple of elementary function;

e sum, difference, product, quotient of two elementary functions;
 the composition of two elementary functions;

e the inverse function to an elementary function;

e an elementary function with restricted domain

(of course If listed operations are feasible).
15



Examples of elementary functions

Power function
y=x"n€eN,n —odd
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Examples of elementary functions

Power function
y=x",n€N,n —even
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Examples of elementary functions

¥
Polynomial "

== e - F L e T — L b+ 5
) \
T

-
1
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Examples of elementary functions

Quadratic function

y = ax® +bx+c

y=a(x—p)°+q
A =b’ -4ac

_—bx+/A
V2 =T o0
b
2a
_ A
" Ta
Herea > 0andA > 0.

p:
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Examples of elementary functions

Power function

1
y=x—n,nEN,n — odd
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Examples of elementary functions

Power function

1
y = x_"’n € N,n — even

21



Examples of elementary functions

ax+b
Homoaqraph = ad # bc
graphy y=——— ( )
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Examples of elementary functions

¥

Power function N
y = 4/x,n € N,n —even P
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Examples of elementary functions

Power function
y =4Yx,n € N,n —odd
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Examples of elementary functions

y=InXx = e’ =x(x>0)
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Properties of logarithms

log,b=c = a“*=b (a>0,a#1b>0)
log, b+log, c =log,(bc)

log,b-log,c= Ioga%

log, b* =klog, b
log.b _ Inb

log, b= =
Ja log.a Ina

What we have to assume In formulae above?
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Examples of elementary functions

Exponential and logarithmic functions




Examples of elementary functions

¥

Hyperbolic functions

o g=ainh =
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Examples of elementary functions

Hyperbolic functions

et +e7%
2

coshx =
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Examples of elementary functions

Hyperbolic functions

"""""" o =
sinhXx
tanhx =

coshx ;
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Examples of elementary functions

Hyperbolic functions

cothx =

tanhx 1
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Some properties of hyperbolic functions

cosif x—-sinh® x =1

sinh2x = 2sinhxcoshx

cosh2x = coslIf x+sinh? x
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Examples of elementary functions
Trigonometric functions
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Examples of elementary functions

Trigonometric functions
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Examples of elementary functions

Trigonometric functions

¥

j j | j /o
}Z/E:T E/I | | KI
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Examples of elementary functions

Trigonometric functions

NN
VI
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Some properties of trigonometric functions

sinx + cos?x = 1
tanxcotx =1
sin2x = 2sinx cos x
cos 2x = cos’x — sin’x =
= 1 — 2sin®x = 2cos’x — 1
sin(x + y) = sinx cosy + cosx siny
cos(x +y) = cosxcosy —sinxsiny

. . L X+Yy x—Yy
sinx + siny = 2 sin > COS >
. . Xty . X—Y
sinx — siny = 2 cos sin
2 2
xX+y X—y
cosx + cosy = 2 cos > COS >
Xty  x—y
COSX — COosy = —2sin sin

2 2

sin(m — x) = sinx

sin(m 4+ x) = —sinx

cos(m — x) = —cosx
cos(m + x) = —cos x
tan(mr — x) = —tanx

Tt
Sin (§+x) = COS X

T

COS (E + x) = —sSin x
T

tan (E + x) = —cCcotx
3



Examples of elementary functions

Inverse trigonometric functions :

y = arcsinx <& x =siny,
T T

x €(—1,1),y € <—§,§>
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Examples of elementary functions

Inverse trigonometric functions .

Yy = arccosx & x = cosy,
x € (—1,1),y € (0, m)
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Examples of elementary functions

Inverse trigonometric functions
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Examples of elementary functions

Inverse trigonometric functions

y = arccotx & x = coty, x €ER,y € (0,m)
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Example: calculate the exact value obs(arccot(—2)).

2
x = cos(arccot(—2)) = cosa =—?

5

T

arccot(—2) =a, a € (E,n) cos2a = 4sinZq
cota = —2 cos?a = 4 — 4cos®a
cosa , , 4
sina cos“a =
cosa = —2sina

5
cosa = +i

~ 5 O
Example. Show that:
1) arcsinx + arccosx = % for x € (—1,1);

2) arctanx + arccotx = % for x € R;

3) sin(arcsinx) = x forx € (—1,1);
4) arcsin(sinx) =? O
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Elementary functions of several variables

Let us consider a real-valued functionmfreal variables, whene
Is fixed, natural and greater than 1.

f:D->R,DcR"
Y = f(xl'XZJ"°'xn)

The following functions (the projection onto thih coordinate) are
basic elementary functions:

i (X1, X0, ,Xn) = Xi, i=1,2,,n.

Elementary functions of several variables are functions obtained
from projections and their compositions with elementary functions
of one variable by operations listed in Df. 16.
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Example:

The functionz(x,y) = 3x* + In(x — /y) is elementary because

Z(X,)/) — S(nl(x,y))2+ln(n1(x,y) o \/T[Z(x'y))

t /
/ composition of square

constant product of two'el. f-ns gliffference of two
multiple . f-ns

root with €. f-n

composition of In with €l. f-n
sum of two €l. f-ns o
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