PART 4
SEQUENCES



Definitions

Df. 1. An infinite sequenceavith terms fromsetX is any function
of the form a:N — X.

Df. 2. A finite sequencavith k terms k — fixed natural number)
from setXis any function of the forma: {1,2,3, ..., k} = X.

We will study only infinite sequences.

To determine the sequence it's sufficient to give the terms
a(1),a(2),a(3),...in the proper order. For simplicity we write
a(n) = a, (here a,, denoteghenth term). Thus a sequence is

(a,a;,a3, ..., 0y, ...) = (an)%o=1: {an}%o=1-

Note: the notation with braces is traditional and it may be deceptive
—remember that the order of terms is important!



Limit of a sequence

Df. 3. Let (X,d) be a metric space an@f} be a sequence with
terms fromxX.

liI}_] an =L © VesodnenVnsn dlap L) <e.
n—->—+00

Notation: lim a,, = lim a, =lima,
n—-+oo n—0oo n

If the limit of sequence exists, then we say that the sequence is
convergentOtherwise we say that it t(Bvergent

1) In the Euclidean metric spac€®, d) we haved(a,b) = |a — b| so
the definition of limit takes form

n



a,, b,,a,b € R

2) In the Euclidean metric spa€ d) we haved(z,,z,) = |z; — 25|
so and the definition of limit is:

lim(a, +ib,) =a+ib &
n

— V€>03NENVR>N |Cln + lbn —da — lbl < &E

= ve>03NEan>N\/(an o a)z'l'(bn o b)2< €

HenceV,.sodnenVasny la, —al <e A |b, —b| <c¢

SO lim(a,+ib,) = a+ ib = [lim a, = aAlimb, = b]
n n n




a,, b,,a,b € R

Conversely,

[lim a, = aAlimb, = b] = lim(a,,+ib,) = a + ib
n n n

because

&E
Vesodn,enVn>n, la, —al < ﬁ:ve>oaNzean>N2 |bp, — b| < ﬁ

N = max{N;, N, }
VesoInenVasn |an +iby —a —ib| = \/(an —a)*+(b, —b)*< ¢

Therefore

lim(a,+ib,) = a+ib & [lim a, = aAlimb, = b]
n n n




Xn» Ynr X0, Yo SHIN

3) In the Euclidean metric spat®?, d) we have

liTrln Py (%0, Yn) = Po(x9,y0) ©

S VesoInenVnsy APy, Py) < ¢

S VesodnenVnsn \/(xn — X0)%+(Vn — Yo)?< €

So, analogously,

lim Pn(xn,yn) — PO(xO'yo) f— lllm Xn = Xp A lim VYn = yO]
n n "

WHY?
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Theorem 1. The limit of a sequence is unigue whenever the
limit exists.

Proof | > AFCC*

* B. Sikora, E. LobosAFirst Coursein Calculus, Wydawnictwo Politechnik$laskiej, Gliwice 2007

Df. 4. We say thafa, } is boundedff the set{a,;: n € N} is bounded.

Theorem 2. If a sequence is convergent, then it is bounded.

Proof > AFCC

Is the coverse theorem true?



Subsequences
1) {an} — (al; a2' Cl3, )
2) {n;} = (n{,n,, ns ..)such that

ng € Nandn1 <n2 <n3 < .-

3) {b}= {ank} = (anl,anz,ang, )

N\

subsequence ¢t }



Important questions

Can we say something about a subsequence if we know that
the sequence is convergent
the sequence is divergent
Can we say something about a sequence if we know that
all its subsequences are convergent to the same limit
a subsequence is divergent
there are two subsequences convergent to different limiis
Can we say something about a sequence if we
add finite number of terms
discard finite number of terms
add infinite number of terms
discard infinite number of terms



Reduction to real sequences

Theorem 3. Let {a,,}be a sequence with terms frofnandd be a
metric onX. Then

lima, =L < limd(a,,L) =0

n n

where the limit on the right hand side is considered in the
Euclidean metric spacé€R, | |).

Proof:
Letb,, = d(a,, L). Thereforeb,, = 0 andb,, € R so
RHS & limb, = 0 & V,.odyenVnoy de(b,, 0) < ¢ &
n

& v£>03NENVn>N |bn_ Ol <& v£>03NENVn>N bn< & &

VesodnenVasy d(ay,, L) < e & lima, =L & LHS.
n
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Limits of real sequences

Now we consider sequences with real terms and Euclidean
metric space (R, | |).

Df. 5. (Improper limit9

lima, = +0 & VycrInenVasy an> M
n

Df. 6. (monotonic sequencks
{a,}isiIncreasing= V,cy Qan4+1> Ay
{a,}Iisdecreasing= V,cy an4+1< ay
{a,}is nonincreasing= V,eny an+1=< a,
{a,}is nondecreasing= V,,eny an+1= Ay

Note:{a,}is bounded iff 3y;cgV,en an< M.
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Theorem 4. Every bounded monotonic sequence Is convergent.

Proof > AFCC

Theorem 5 (Squeeze Theorem). If a,, < b,< c, for each
naturaln, andlim a,, = limc,, = L, thenlim b,, = L.
n n n

Proof > AFCC
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: 3
Example:  |m sin(arctam®) _
N—- oo n

—1<sin(arctam®) <1

®< sin(arctam®)
- n

. sin(arctam®)
lim

N—- oo n

=0.
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Theorem 6. If IiLn a, =a andIiLn b, =b, then
D lim(a,+b,)=a+b

2) irr;1(kan) —ka (kUR)

3) irr;w(an[bn):ab

" a

4) im—”=% (b, #0, b # 0)

n

n
5) Iim|a, [Fal.
n

Proof | > AFCC
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Theorem 7.

1) lim|a,[FO=lima, =0
n n

2) Ilma —+oo:>I|mi 0
n a,
3) [Ilma =004, a, >O}:>I|mi +00
n a

4 | lim a, =0 0{by} is bounded = im(a, b,) = o
N n

Proof > AFCC
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* Which items in Theorems 6 and 7 hold for complex
seguences?

 Be careful applying Theorem 6 — one has to be sure
that the limits exist.

e Indeterminate forms:

o 2] ool ol b B0 )
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Examples:

1) lim (0 +2n+5)= +o

Nn—- oo

2) lim (02 =30 +2)= +e

Nn—- o

3) lim (n2 -3n° +\/ﬁ): —

Nn- oo

4y tim 22*5 -1
n-o5—4n 2
2 _
5) lim 231

2 _
6) lim 2N Sn:_oo
noo 3—4n
a3
7) lim 1+2n ?;n = 400
n-o  N-=2n
__1+2n-3n°
8) lim =0
) n° +2n°
_ 2
9) lim >—_N*3" _j

n-o NyNn+2n



Important limits
D limYn=1

2) limYa=1 (a>0):

n

3) Im2-=0 (aOR).
n nl

1 n
4) Iim(1+—j —e
n N

by
Theorem 8. limb,, = +c0 = lim (1 + i) = e.
n n bn

DERIVE THESE LIMITS!

1
Theorem 9.lima, = 0 = lim(1 + a,) = e.
n n
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Examples:

1) lim

N—- oo

= lim

Nn—- oo

n-

e

3n
g
2 3

(1+ ijm =[17]

D
w | oo
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