PART 6
DERIVATIVES AND DIFFERENTIALS



Definition of derivative

Now we consider real-valued functions of one real variable.

Df. 1. The derivative of functiorf at a pointa is defined as
N fla+Ax) - f(a)
f'(a) = lim

Ax—-0 Ax

If the limit exists and is finite.

If f’(a) exists, then we say that is differentiableat a.

Notation:

1) if y = f(x) is differentiable ati, thenf '(a) = Zz = %
a

a

2) (@ = lim flath)~f(@) _ 1. fO)-f(@

-0 h x—a xX—a




tangent line secant line

f (At AX) i

ang =@M~

fa) |- (8. AX
E : AX - 0= ,8 — a

tana = f'(a)

| / a a+ AX

Tangent line — the limit position of secant lines.



Normal line— the line perpendicular to the tangent line
at the point of tangency.

Tangent line:
y—t(a)=1'(a)(x-a)
Normal line: 1 _
y—f(a)=- (x—a) If f'(a)#0
f'(a)

x=a if f'(@)=0



Suppose thaf'(a)  exists. Then

X—a =AXx

lim f(x) = X =a+Ax = lim f(a+AXx) =
AX -0

_X—>a:>AX—>O_

= lim [f(a+Ax)—f(a)+ f(a)]=

AX - /O
AX+ f (a)} f(a)

S Ly @ @)

{ f(a+Ax)— f(a)

= |lim

WHAT DOESIT MEAN?



Examplefind the derivative off (x) = |x]| atO.

f(0+Ax) - f (0) f@0=10] _ . |5 _,,

f'(0) = lim = |lim
AX -0 A\X AX 0 A\X Ax -0 AX
lim M— lim &: Iim 1=1
Ax-0" AX  Ax-0" AX  Ax-07
im 2o im 22 2 im (-p = -1

Ax-0 AX  Ax-0" AX  Ax-o0'

Hence f'(0) doesot exist.
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nctions

All functions

continuous at a ) .
discontinuous at

Note: differentiable functions are also calledoothfunctions.



Continuity Is necessary but not sufficient for
differentiability.

Differentiability is sufficient but not necessary for
continuity.

Df. 2. Ifforall x € D' € D, the numerf'(x) exists, then we
can build the neviunction

flry=f'(x), x€D
called thederivativeof f.

Note: f’(x)—a number

f’—afunction



Properties of differentiable functions

Theorem 1. If f andg are differentiable functions, amds
a real constant, then:

1) (cf)'=cf’
2) (f +g)=1'+gd
3) (fg)=1'g+fg’

4) Lij = f'9; 9 (it g £0)
9 9

Proof > AFCC




Theorem 2. If y = f (x)Is strictly monotonic in an interval,
and there exists a pointa € I such thatf’'(a) # 0, then the
derivative of inverse functionx = f~1(y) exists at the point

: 1
f(a) and is equal t%.

dx 1 dy 1
In other words,—| = g3 or, equvalently— =
ay 2y dx |, _‘

Yo dxly, 0 dyly,

(xo = a,y0 = f(a)).

Theorem 3. (Chain Rule) If u = g(x) is differentiable atc, and
y = f(u) is differentiable atu, = f(x,), then the composite
functiony = f(g(x)) is differentiable at, and

(f 2 9) (x0) = f'(ug)g’ (xo).

d d
In other words,—y =
dxly, du

du

Ug dx X0
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Table of derivatives

Derive each formulal

_-— 1
()’ =0 (Inx) =-—
() =1 v
(ax +b) =a (log, x) =T (a>0,a+1)
(1) _ _i (sinx)’ = cosx
2
x x (cosx)' = —sinx
1
(V) == !
2/x (tanx)" = COS%X
(x5) =sx51seR , 1
tx) = —
(eX) = eX (cotx) sin?x

(a*) =a*lna (a>0)
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1

(arcsinx)’ =

V1 — x?

, 1
(arccosx)’ = N
(arctanx)’ = T 22

, 1
(arccotx)’ = — T 22

(sinhx)’ = coshx

(coshx)’ = sinh x

(tanhx)' =

cosh?x
1

sinh?x

(cothx)' = —
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Differentials

Df. 3. If f is differentiable andAXx # 0 IS an increment
of independent variable, then the expressilyr= f'(X)Ax
Is called thealifferentialof f.

Remark 1:

y=x —
dx = AX
dy=1AX=Ax—

Remark 2:
dy:dx =

dy  y'Ax _
dx  Ax
.
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Theorem 4. If f is differentiable atx, then

Ay = f(x+Ax)— f(X) =dy +&Ax, wherelim £ =0.

AX -0
Proof: :
d A ‘A A R
jim Y~ =y AYY X_nm(y y'j:
Ax-0  AX AX -0 A\X Ax - O\ AX
\ )
Y

=&
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Geometrical interpretation of differential

f(x + Ax)

f(x)

AP =AXx
AC = Ay

f'(x) =tana

AB
tanga = —
AP

AB = f'(X)Ax =dy

BC =Ay—dy = &Ax
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Application of Th. 4.

If Ax=0, thenAy =dy, I.e.
f(x+AX) = f(x)+dy.

!

approximate calculations
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Properties of differentials

Theorem 5. If u, v are differentiable, and Is a real
constant, then

1) d(cu) = cdu
2) d(u+v) =du+dv
3) d(uv) = vdu + udv

4) d(“j vau - Udv(lfv;tO)
\Y V

Proof > AFCC
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Derivative of function given by
parametric equations

X = X(t)
{y:y(t),tDI

t—time= {(x(t), y(t)) 10 I}—a curve

If x and y are differentiabley’ is different than O, then the set
above is the graph of some functipn= f(x). Moreover,

dy
f'(x) ~ dy ~ E ~ y' (t) notfition_)'(
dx dx X(t) y

at
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Derivatives of higher orders

notatlon d f

Df. 4. (f(”'l)) "
X

. h=2.

Example:
f(x)=¢€* f'(x)=¢e*, f"(x)=¢e*, f""(x) =€, f Y (x)=¢€,....,

Example:

f (X) =sinx, f'(X) =cosx, f'(x) =-sinx, f'"'(X) =—coskx,
f “(x) =sinx,...

Hence fM(x) :sin(x+n7ﬂj, nON. O
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Differentials of higher orders

AX = dx # 0 constant
dy = y'dx—afunctionof x

d Zyd=f d(dy) = d(y'ax) = (y'dx)"dx =

notation
= y"'dxdx = y"(dx)2 = y"dX2
df
d’y=d(d?y) =d(y"dx?) = (y"dx*) dx =
notation

- y'”dxzdx: y"'(dx)3 = y'"ng, etc.

20



dn

df
d"y=d@d"y)=..=y"Wdx" > yM = —
X

Remark:

dx" = (dx)" = dx Lalx L1....[alx
d(x") = nx"dx

dx If n=1

d"x=d(d"*x) = { _
O If n=22
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