
PART 7

APPLICATIONS OF DERIVATIVES(1)



Fermat’s Theorem
Theorem 1. Let � be a function defined on(�, �)	which
attains its global maximumor minimumat � ∈ (�, �). If � is
differentiable at�, then�’(�) = 0.

Proof:

0
)()(

lim

0
)()(

lim

exists
)()(

lim)('

0)()(])()([1

≥
−
−

≤
−
−

−
−=

≤−∀⇒≤∀⇔=

−

+

→

→

→

cx

cfxf
cx

cfxf
cx

cfxf
cf

cfxfMxfMcf

cx

cx

cx

xx
o

.0)(' =cf
analogously

mcf =)(2o

2



Rolle’s Theorem
Theorem 2. If a function �	 is continuous on�, � , differentiable
on (�, �), and �(�) = �(�), then there exists� ∈ (�, �) such that
�’(�) = 0.

Proof:by Fermat’s Theorem....
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Lagrange’s Theorem

Theorem 3. If a function�	 is continuous on�, � , differentiable
on (�, �), then there exists� ∈ (�, �) such that

�’ � =
� � − � �

� − �
.

Proof:
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Corollaries from the Lagrange Theorem
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Extreme values

Df. 1. Function  f  has local minimumat  a iff

).()(),(),(0 afxfaaaax >∀∃ +∪−∈> δδδ

Value  f (a) is called then the local minimumof  f.

Df. 2. Function  f  has local maximumat  a iff

).()(),(),(0 afxfaaaax <∀∃ +∪−∈> δδδ

Value  f (a) is called then the local maximumof  f.
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Necessary conditions for extreme values

f (a) is the local extreme value of  f

f is differentiable at a

0)(' =af

by Fermat’s 
Theorem

f is not differentiable at a

existnot  does)(' af
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fDa ∈

⇒= 0)(' af a is called the stationary pointof  f

⇒∨= ]existt doesn')('0)('[ afaf a is called the critical 
pointof  f
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Example:
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Note: necessary conditions are not sufficient.

Example:

2

3

3)('

)(

xxf

xxf

=

=

00)(' =⇔= xxf

f doesn’t have local
extreme value at 0

existt doesn' )0('

sgn)(

−
=

g

xxg

g doesn’t have local
extreme value at 0

Theorem 6. If function f has local extreme value ata, then
a is a critical point of f.
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Sufficient conditions for extreme value

Theorem 7. If function f is continuous at a critical pointa and
�′ changes its sign passing througha, then f has local extreme
value at a.

Proof
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Note:the continuity at  a in Th. 7 is important.

a a
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Cauchy’s Theorem

Theorem 4. If a functions �	and � are continuous on�, � ,
differentiable on(�, �), and�� � ≠ 0 for each� ∈ (�, �), then
there exists� ∈ (�, �) such that

�′(�)
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.

Proof:
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Taylor’s Formula

Theorem 5. If � ∈ ���� on the interval ��, � and �(�) exists on
(��, �), then there exists� strictly between�� and� such that
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00 =x Maclaurin’s Formula

10where),( 00 <<−+= θθ xxxc

If �(�) is bounded on (��, �) or (�, ��) then:
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Approximation by the Taylor polynomial is the best!
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Show (analogously) that
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Theorem 8.  Let !, " ∈ ℕ and  � ∈ ��(nbd	�). Then:
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Proof:it follows from the Taylor Formula.
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