PART 7
APPLICATIONS OF DERIVATIVES(1)



Fermat's Theorem

Theorem 1. Let f be a function defined or{a, b) which
attains its global maximurmor minimumatc € (a, b). If f is
differentiable at, thenf’(c) = 0.

Proof:

PIf()=M = O, f(x<M]=0, f(x)-f(c)<0

f(c) = lim 1= 1O)
X-C X—C

exists 2 f(c)=m
i -0

XI—>C+ X_C / f'(C):O.
-1 .,

lim
X—-C X—C

analogously




Rolle’'s Theorem

Theorem 2. If a function f is continuous ona, b), differentiable
on (a,b), and f(a) = f(b), then there exists € (a,b) such that

f(c) =0.

Proof:by Fermat's Theorem... Ji§

fla) = f(b)




Lagrange’s Theorem

Theorem 3. If a function f is continuous ona, b), differentiable
on(a, b), then there exists € (a, b) such that

o _f®) = f(a)
fle) =————.

Proof:

Apply the Rolle Theorem to

f(b)-f(a) (x—a) - (X)+ f(a)

b—a .

#(X) =



f(b)-1(a)

tanf =
g b—a

tana = f'(c)

tana =tangs



Corollaries from the Lagrange Theorem

1[0, f'(X) =0]= f(x)=const

2D F'(¥0=0'(0]= 0,0, () =g()+A
3)[0,ar) F'(X)>0]= fis increasingn(a, b)
A0, f'(x)<0]= fis decreasingn(a,b)

WHY?
WHAT ABOUT CONVERSE IMPICATIONS?



Extreme values

Df. 1. Functionf haslocal minimumat a iff

LosoUxa-s.a)0(aa+ra) T(X)> f(a).

Value f (a) is called then thecal minimumof f.

Df. 2. Functionf haslocal maximumat a iff

LosoUxaa-s.a)n(aa+rs) T(X) < f(a).

Value f (a) is called then thecal maximumof f.



Necessary conditions for extreme values

f (a) is the local extreme value df

7 N\

f is differentiable a& f is not differentiable ah
by Fermat’'s
Theorem

f'(a)=0 f'(a) doesnotexist

8



allD;

f'(a) =0= ais called thestationary poinof f

[f'(a) =0 L f'(a) doesnt exist] = ais called theritical
pointof f

Df
CP




Example:

f(X) =—(x-1)3 g(x) =2+ x|
f has local g has local
maximum O at 1 minimum 2 at 0
f'1)=0 g'(0) — doesnotexist

O

10



Theorem 6. If function f has local extreme value at then
ais a critical point off.

Note: necessary conditions are not sufficient.

Example:
f(x) =X’ g(X) = sgnx
f'(x) =3x° g'(0) —doesnt exist
f'(x)=0 = x=0
f doesn’'t have local g doesn’t have local
extreme value at 0 extreme value at 0
O
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Sufficient conditions for extreme value

Theorem 7. If function f Is continuous at a critical poirg and
f' changes its sign passing throughthen f has local extreme
value ata.

Proof

_</ f T
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Note:the continuity ata in Th. 7 is important.
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Cauchy’s Theorem

Theorem 4. If a functions f and g are continuous ona, b),
differentiable on(a, b), andg’'(x) # 0 for eachx € (a, b), then
there existg € (a, b) such that

f'ie) _fb)—f(a)
g' ) gb)—ga)

Proof:

Apply the Rolle Theorem to

f(b)-1(a)

709 = 50 - o(a)

[a(¥)-g(@)] - T(x)+ 1(a)
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Taylor’s Formula

Theorem 5. If £ € C™ 1 on the interval(xy, x) and f(™ exists on
(xo, x), then there exists strictly betweern, andx such that

flx) =
= £00) + 10 ) 4+ L gy 4 L oy
(n-1) ™
+ -+ f(n — %(!)) (x —x)" 1 + ! n!(c) (x — xo)™.
Proof > AFCC

Note: Thesametheoremis trueif wereplacentervals

(Xg,X) and (Xo, X) with (x, Xy ) and(x, X,), respectivéy.
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If £ is bounded ofix,, x) or (x,x,) then:

f(c) X=X [0 "=
_ v \N . 0
Nl X=%) =M Nl

| Rn IF

so f(x)=T, for nsufficiently large

Approximation by the Taylor polynomial is the best!

Xg = 0 =——> Maclaurin’s Formula

C=Xy, +tO0(X—X;y), where0<8f<1
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. ’ (n-1) (n)
f(X) — .I:(O)+ f (O) X + f (O) X2 + f (O) X3 + o+ f (O) Xn—1+ f (@() Xn
1! 2l 3 (n-1)! n!
f(x) = e* f(0) =1
£ (9 (x) = & 890 =1
@ x
Y IV IV S IV I SV SN
1 2! 3 (n-1)! n
2 3 n-1 @ x
X =14+ x4+ 4 4+ + £ x" xOR

17



(0= f @+ @y 1O o 170 o, TTO) o, TV
1! 2! 3l " (n-1)! n!

f (X) = cosx
f'(x)=—sinx f (k)(X) = CO{X+ kZ_ZTJ

B

=ty 1700 = (D"
"0 E -1 @) =0
B

—h=—h —h=—h

_q\N
COSX::|_+9x—£)(2 +9X3+£X4 _|_____|_( 1) X2n n
17 27 37 a4 (2n)!
+ 0 X2n+1 + COS(X+(2I’]+2) g) X2n+2
(2n+1)! (2n+2)!
2 4 6 N
COSX:]_—X +X —X +___+( 1) X2n+00$(@(+(n+1)ﬂ)X2n+2,
2 4 ¢ (2n)! (2n+2)!

xR
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Show (analogously) that

SINX = X—

+

X3

5

X X

+ —

o

7!

sin| &+ (2n +1)’27j

(2n+1)!
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O, ' 2, 7O &, 10O aa, T

Fe =10+ 1! 2! 3l  (n-1)! n!
o112
f()=In+x) T (><)—(1+X)3 o
" (x)—— . - f(0)=In1=0
1+ X F@(x)=- PO ) (0) = (-1 ***(k - D)!
T !
(%) = 14302 0 (x) = (-1~ (k-1)!
(1+x)"
In(1+ X) = 0+ 0y L2 2,8 34 +(=1)" n (=2 o1y
12" T3t Tyt (n-1)!
+(_1)n+1 (n_l)! x"
(1+6x)"n!

X2 X3_X4 +(_1)nxn -1 ( 1)n+1 n

o x>-1
2 3 4 n-1  n@+6&)"
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f(x)=@1+x)°, sUR

(1+X) _1_|_ X + S(S 1) 2 S(S_l)(S_Z) X3+
1! 2! 3
- s(s—1(s—2)...s—n+2) -1
(n—1)!
+s(s—l)(s—2)...(s—n+2)(s—n+1)
n

+

(1_|_ &)s—n Xn’

X>1
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Theorem 8. Letn,k € N and f € C"(nbd a). Then:

D[n=2k Of'(@)=f"(@)=..=f%*V@=00
0 @@ >01= f(a) = fy;
D [n=2k Of'(@)=f"(@)=..=f*V@=00O

0 f@(@)<0]= f(a) = f,,
[n=2k-10f'(a)=f"(@)=...= f &I (@)=0C

O f @ (a) 20l = f doesnothaveextremevalueata.

Proof:it follows from the Taylor Formula.
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Example:

5 3
f=X-X 41 pog
5 3 3
f'(X)=x*-%x*>, D' =R

f'(x)=0 = x*-x*=0 = x*(x*-1) =0 « x0{1-1,0}
f''(X)=4x’-2x, D" =R
Q) =4-2>0= frpy = £ (1) =

g1l =

f'(-) =-4+2<0= f,. = f(-1) :1%

f"(0)=0; f"'(x)=12x-2

f''(0) #0= f doesnothaveextremevalueatO. (@)
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