PART 8
APPLICATIONS OF DERIVATIVES(2)



Concavity

Df. 3. A function f continuous on interval (open or closed,
bounded or unbounded) is calleshncave up(or concave
upwarg on | iff

Oy Doy T +@=2)%) < AF (%) + (L= 2) f ().

X1¢ X5

Df. 4. A function f continuous on interval (open or closed,
bounded or unbounded) is calledncave dowr(or concave
downward on | iff

Oy Doy T +@=2)%5) > Af (%) + (L= 2) f (%),

X1¢ X5

Note:if f is CU, theng = —f is CD.



0<A<1= A +(1-AX,) =all(Xg, Xs)

f(a) = LHS
secantine: y— f (x) =020 7T ()
X =X

F0e) LHS < RHS

A 5 l
f@) | f is CU
f (%)

" a., . x
x=am A= f(x)+ CDTT0) 5y

Xo =X

= (x)+(@1-N) (%)= A=RHS



Suppose that is CU and twice differentiable on
interval I.

X < Xo
\/ 0’1 < 0'2
7 tana, <tana,
/Ia2 : - T(%) < T(%5)
X X

[f iIsCUand f ' existson |]= f'isincr.on| =
= U, T (X)20.

[0, f"(X)>0]= f isCUon I.

WHY ?




Df. 5. If function f is CU (or CD) on interval I, then its graph
IS calledconcave ugor concave dow).

Df. 6. If f Iscontinuous ata, and f is
eCUon(a- 6,a) and CDon (a,a + 9§)

or

«CDon(a-4,a) and CUon (a,a + 6), whered > 0
thena is calledinflection numbeiof f.

Df. 7. If a is the inflection number of functiory, then the point
P(a, f (a)) is called thenflection pointof curvey = f (x).

Theorem9. If a is the inflection number off, thenf”(a) = 0 or
f”(a) does not exist.

Theorem 10. If f”(a) = 0 and the second derivative changes its
sign passing through, then a is the inflection number of .
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De I'Hospital’'s Rules

Theorem 11 (de I'Hospital’'s Rule). Let functionsf, g
satisfy the following conditions:

1) f,g arecontinuousn (a,b)
2) f,qg aredifferentiableon(a,b)

3) g(x)#0andg’'(x) #0 forall x fromsomenbdof a
4) I|m f(X) = I|m g(x)=0

5) I|m (%) eX|sts(properor|mproper)
x-a" g'(X)
f'(x)

Then I|m f(x) = lim
x-a" g(X) x-a" g'(x)




Proof:

Let us consider function& and G defined as:

F(X):{f(x) if xO(ab) G(X):{g(x) if  x0(a,b)

O if x=a O if x=a
We can apply the Cauchy TheoremRand G verify
on interval(a, X>, where x [ (a, b) ) assumptions!

f(0) _|f(0)-0_F(X-F@ _F'(© _f')
g(x) |9(x)-0 G(x)-G(a) G'(c)| g'(c)

. . ac x b
im 0 = iy 2O -y, TOO
x-a" g(X) (x-a") g'(c) x-a" g'(X N

C-a




Remarks:

e We can state and prove analogously theorem for limits
from the left or at infinity;

* Th. 11 holds for indeterminate forr{%J as We{lfé}s
(the proof for last case is not so easy);

 to apply de I'Hospital’s Rules we have to be sure that
the limit of quotient of derivatives exists.



Indeterminate forms

il Ff} = directly de 'Hospital’s Rules
g0 o

e b

oy [ o] = 1 1 :]/g—]/f 0
F-oleol= =0 = H

£ [1oo ’Oo,ooo,]: gnfo — @\K
[0teo]



1.

Curve sketching

Domain; x-intercept, y-intercepts; is the function even,
odd, periodic?

Limits at the endpoints of domain; asymptotes.

Analysis of the first derivative (monotonicity, extreme
values).

Analysis of the second derivative (concavity,
Inflections).

Collection of all informations in the table.
Sketching the curve.
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