PART 9
INDEFINITE INTEGRALS (1)



Antiderivative

Df. 1. A function F is called arantiderivativeof function f
on interval | iff

Uy F'(¥) = 1(x).

Example:

f (X) =cosx+2x === F(X)=sinx+x?
or F(X) =sinx+x* +1
or F(x) =sinx+ x* -In3, etc.
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Theorem 1. If F is an antiderivative of f, then each
function of the form G(x) = F(x) + C (where C is any real
constant) is also an antiderivative &f

Proof:
F(x) = T(x)
G'(X)=[F(X)+C]'=F'(x)+0= f(x).



Theorem 2. If F and G are antiderivatives of, then
there exists a real consta@t such thats(x) = F(x) + C.

Proof:
F'(X) = 1(X) =G'(x)
by 2"d corollary from
the Lagrange Theorem
Leor G(X) = F(X) +C.
By Th. 1 and 2,

If we know one antiderivative of f,
then we know all antiderivatives of f.




Indefinite integral

Df. 2. The indefinite integral of functiori is defined as
j f(X)dx = F(x)+C

where F'(x) = f (x) and CLR Isarbitraryconstant.

j @dx

variable of integration

integral sign |ntegrand



Theorem 3. Any continuous function possesses
antiderivative (not necessarily given by elementary function).
A discontinuous function may possess antiderivative.

Note: this theorem will be proven later (using deé integrals)



Table of basic integrals

1)I0dx:C

2) jldx:jdx:x+c
XS+1
+C (s#-1

S —
B)IX dx = —

4)j%dx: d—)z(:In|x|+C

5)_[ 1 > dx:j dX2 = arctanx+C
1+ X 1+ X

— arcsinx+C




7) jexdx: e +C

+C (a>0,a#l)

8) jade: ‘;‘

In a

9) jsinxdx =—cosx+C

10) jcosxdx =sinx+C

11)_[ 12 dx:j d); =tanx+C
COS™ X COS” X

12)_[ 1 dx:j X =—cotx+C

sin? x sin? x



13) jsinhxdx = coshx+C

14) jcoshxdx =sinhx+C

dx
15) I :I = tanhx+C
cosl? X cosl? X
16)_[ : 12 dx:I .dX2 = —cothx+C
sink sink< X

Keep Cand dx in mind.

j2xydx:x2y+c, ijydy:xsz,c;, _[ZXydt = 2xyt+C

9



Properties of indefinite integrals

Theorem 4. If f is continuous, thend(j f(x)dx): f (x)dx.

Proof:

jf(x)dx: F(x)+C where F'(x) = f ()

LHS = d(j f (x)dx): d(F(x)+C) = (F(x) +C)'dx =
=(F'(x) +0)dx = f (x)dx = RHS.
L
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Theorem 5. If F OC! then j F'(X)dx = F(x) +C.

Proof:

It's obvious. .

Note:Th. 5 may be rewritten as

jdu:u+C, whereudC*.
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Theorem 6. If fand gare continuous anais a
real constant, then:

1) j af (X)dx = j f(x)dx
) j[ f(X) + g(x)]dx:j f(x)dx+jg(x)dx.
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Examples:

1) J‘(l_)f)z dx:J'l_z;EJerx:j[ L —2&+ X);]dx:

X3 X3

:jx"de—Zj x_gdx+Jx_2dx =

_3/2 -1

__25?‘ =

- 32 -1

1,4 1 ..

2x%  3x/Xx X
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el

5-3(1-cos X)

co<? X

:J‘Z+3coszxdxz“‘( 2 +3jdx

COS X

= 2tanx+ 3x+C.

COS X

dx =
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Theorem 7 (Substitution Rule). If f, g, g are continuous
and F is an antiderivative of, then

| oM g' () ax=Flg(o1+C.
Proof:

We know tha#’(t) = f(t). We have to show that the
derivative of RHS is equal to the integrand of LHS. Indeed.:

(FIg(1+C)=F[g(¥]g (9 +0= f[g(x)]g ().

by the
Chain Rule .
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How to remember Substitution Rule?

o

t

dt

t=9(x)

dt = g'(x)dx

=[O =F(t) + C = F[g(x)] +C.

a(x)
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Note:

1. Although dx is only the symbol of end of integral, it is
convenient to treat dx as differential If we want to

apply Substitution Rule.

2. Remember to put original variable at the end of
calculations with Substitution Rule.
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Examples:

1)_[_ t=sinx
sin® x \U | dt = cosxdx

-2
:jd—;:jt"Bdt:t—+C:—i2+C:— _12 +C
t -2 2t 2sin° X

. t=Ilnx |
2)_“ dt:idx:%
_ X X |

= t =In|t]|+C =In|Inx|+C.

18



a‘% t=f(X) |
9 f(X) dt = f'(x)dx

_jdt n[t[+C=In|f(x)|+C.
t=¢e"
4)je x| x=Int |= jt 1ﬂfdt j—dt-
1
dX:Idt

1 1 1 1 1 1
= - dt=——-+—+C=——+ +C.
j(tz t3j t  2t° et 2e* (@
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Theorem 8 (integration by parts). If u,vOC" then
Judv = uv—Jvdu.

Proof: : :
Property of differentia
d(uv) = udv +vdu (see Part 6)

.d(uv) :judv+ .vdu

it is equal tauv
(see Th.5)

.udv = jd(uv) - .vdu

_[udv:uv—jvdu .



Note:sincedu = u’dx anddv = v’dx, Th. 7 may be

written as

or

Juv'dx: uv—Ju'vdx

J u(X)v'(x)dx = u(x)v(x) — j u' (X)v(x) dx.
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jquxzuv—ijdx

Examples:
_ by -
u=-x V=¢€
1) j xe?*dx = 1 L=
u=1 v=—e
i 2
=1 Jlezxdle xe? — L e 1
2 2 2 2 2
411 e”*(2x-1) +C.
u=Inx =1
2)j|nxdx:j|nxmdx: 1 =
U=— v=x
X i
:XMX—Ikkzmnx—x+C.




Iuv'dx: uv—_[u'vdx

. u=e?* Vv'=sinx

v

J- e’X sinxdx =

u'=2e?* VvV =-CcoSsX

= —e“* cosx - j 2e”* (- cosx)dx =
u=e?* V'=cosx

=—e?* cosx + 2 j e?* cosxdx = - .
u'=2e% v=sinx

= —e?Xcosx+ Z{ezx sinx — I 2e%X sin xdx} =

= —e?* cosx+ 2e?*sinx - 4j e’X sinxdx
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Jezx sinxdx = —e?* cosx + 2e°* sinx — 4_[ e’X sin xdx

5_[ e’ sinxdx = —e** cosx+2e**sinx+C,

jezx sin xdx = %(— e”* cosx +2e** sin x)+ C
eZX
jezx sinxdx = ?(Zsinx— cosx)+C,
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Integration of rational functions

Partial fractions:

| A " Ax+ B
X —a ax’ +bx+c
A +
r : v/ Ax+ B :
(x-a) (ax2 +bx + c)

where kON, k=2 A=Db’-4ac<0
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j—dx 3 d—XS =3In|x-5[+C

3 _[x=5=t]__pdt _
” j(x—5)7dx__dxzdt__gjt7 )
-6
3t _ic--——1 ¢

-6 2(x—5)°
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llla j 1 dx:_[ X

X° = 2X+5 (x-)%+4
t:x__l
1 ax _ g 1 2dt _
- _[ 12 =gt =2 _4jt2+1_
4J (x-1 1 2
4 dx =2dt

= 1 arctan +C = 1 arctanx—_1 +C
2 2 2
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denominator plus constant

constant times derivative of )

:lln | X% —2x+5]|+2arctan—=+C

2 2

X—1
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0%
Va j =7
A
b +1)
i 1
dx 0T 241
arctanx+C1:_[ > = o 2%
X“+1 u'= V=X
2 2
e

2
X“+1 X2

:L+J‘( 2x° dx:L+2j(

_|_1)2 X% +1

-_ X + 2arctanx — ZI

dx

w2 +1 (x2+1)2
dx _1({ X
J(x2+1)2 = 2(X2+1+arctanxj+c
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as in lllb

3 1
2 (4x+6) - ==
O

(2x2 + 6XT9)2

11 dx
2 2 2
(2x +6X+9

P

see |Va

IVb j 3x-1 dx:

2x +6x+9

substitute t =2x°+6x+9
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Now we can integrate all partial fractions
(sometimesit isvery time consuming but
It Ispossible).
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Rational function: f(X) = @ P,Q—polynomias

Q(x)
deg(P) <deg(@Q) = f(X) isaproperfraction

deg(P) = deg(@Q) = f(x) isanimproperfraction

@ long division

% =W(X) here degR) <degQ)

T proper fraction
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Theorem 9. Any proper fraction can be expressed
as a finite sum of partial fractions.

Corollary. We can integrate all rational functions.
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How to decompose a proper fraction
into partial fractions?

1) factorize the denominator

2) every factor of the form(x—a) K produces the following

sum
A, kAL A
X—a (x—a) (x—a) (x—a)

3) every factor of the form(ax® +bx + C)I produces the

following sum

AX+B | AX+B, . Ax+B

ax” +bx+c (ax2+bx+c)2 (ax2+bx+c)
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X—3
Example: j dx="7?
P x> = X

1) x> = x = x(x* =1) = x(Xx=1)(x +1)
X—3 A B C
=+ +
X(X-D(x+1) x x-1 x+1

|D<(x—1)(x+1)

X—=3=A(X-1D(x+1+Bx(x+1) +Cx(x—-1
x—3= A(x? -1) + B(x* + X) + C(x* = X)

x*| 0= A+B+C
x'|1=B-C —[A=3B=-1C=-2]
X°[-3=-A

37



3)J‘x — X j(x_xll_x+1jdxz

=3In|x|-In|x-1|-2In | x+1|+C
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2% —x% -3
: dx =7
Example: j 5 1 3y3

1) x° +3x3 = x3(x* +3)

2x°-x*-3 A B C Dx+E
=D 22y

X(x2+3) X x° xX° x°+3

2)
A=0,B=0,C=-1 D=0, E=2
2%5 — X% —

3 d dx =

)I X° + 3X° I( X° +3j

1 2 X
= + arctan—+C

2x% /3 J3
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- . jx3—3x2+3x—6dx_,>
xample: |~ o 24y -

x> —3x°+3x-6 _ Ax+B ,Cx+D
(X°+2)(x*+3) x°+2 x°+3

A=1B=0,C=0,D=-3

x> —3x°+3x-6 , _ X 3 ~
j > > dx—j —— dx =

(X°+2)(x° +3) X“+2 X°+3

:%In|x2 +2|+J/3arctan— +C

V3
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Examples:

x* -6 ~
X(X —5)3(x% +2x+3)
A B C D Ex+ F
= + + +
X X-5 (x-5)2 (x-5)° x%+2x+3
5 X+16 _
) x2(x+3)(x2 +5)2
A B C Dx+E Fx+G
=2 2 + +
X x> X+3 x?+5 (x2+5)2

D

X% + X -
X% (x +3)(x* +5)°

3)
A B Cx+D Ex+F Gx+ H
=+ + + +

X X+3 x*+5 (x°+5)° (x*+5)°

O
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